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Abstract 
Sloan, D.M., Fourier pseudospectral solution of the regularised long wave equation, Journal of Computational 
and Applied Mathematics 36 (1991) 159-179. 
An algorithm is presented for the Fourier pseudospectral solution of the regularised long wave (RLW) equation. 
The semi-discrete equations satisfy the energy conservation condition of the RLW equation. Numerical results 
are presented to show that the scheme can resolve the fine structure of wave interaction problems. Evidence is 
presented to show that the popular second-order leap-frog time discretisation will produce high accuracy only if 
the time-step is well below the linear stability limit. By considering linear and nonlinear models a case is made 
for the use of higher-order accuracy in time. 
Keywords: Pseudospectral, RLW equation. 
1. Introduction 
The Korteweg-de Vries equation (KdV) was first introduced in 1895 [15] as a model for the 
unidirectional propagation of water waves of small amplitude and long wavelength. One set of 
solutions of the KdV equation is a family of solitary waves which has the property that the 
nonlinear interaction of a pair of unequal solitary waves leaves the waves unaltered, except for a 
phase shift. This so-called soliton property was first observed in the numerical studies of [25] and 
the proof of this property was later obtained using the inverse scattering transform (ET) method 
[18]. This powerful analytic method can only be applied to a partial differential equation, like the 
KdV equation, which has an infinite number of conserved quantities. 
The regularised long wave equation (RLW) was first proposed by Peregrine in 1966 [21] as an 
alternative model to the KdV equation. The word “regularised” refers to the fact that the RLW 
equation has certain technical advantages relative to the KdV equation. The equation has been 
studied extensively by Benjamin, Bona and Mahoney [3] and, indeed, the equation is also 
referred to as the BBM equation. The RLW equation has solitary wave solutions similar to those 
of the KdV equation, and the interaction of solitary waves has been studied in [1,2,4,5,9]. The 
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study in [l] suggested that a small “rarefaction” wave, or “dispersive tail”, is produced as a result 
of the interaction, and the highly-accurate results produced in [4] show the details of the 
evolution of the dispersive tail. 
Following the demonstration of [l] in 1976 that the RLW wave interactions are inelastic, it 
was shown in [20] in 1979 that the equation has only three independent solution invariants. The 
possession of only a finite number of conservation conditions indicates that the equation is 
nonintegrable and it is not amenable to attack by the IST method. Byatt-Smith [6] has 
considered solutions as perturbations about solutions of the integrable KdV equation: however, 
in general, solutions of the RLW equation can only be obtained using highly-accurate numerical 
methods. This requirement provides the motivation for the present study. A recent comparative 
study in [19] has shown that the Fourier pseudospectral method provides a highly-accurate 
device for solitary wave solutions of the KdV equation. The aim here is to show that this 
approach offers an excellent mechanism for resolving the spatial details of RLW wave interac- 
tions. 
In Section 2 a scheme is presented which is an adaptation of the best Fourier pseudospectral 
method identified in [19]. It is shown that the method may be formulated so that the 
semi-discrete equations satisfy discrete forms of two of the three RLW conservation conditions. 
A linear stability analysis gives a maximum time-step which is independent of the number of grid 
points in the spatial discretisation. Section 3 gives numerical results for the interaction which 
takes place when a large solitary wave overtakes a small solitary wave. The results clearly show 
the details of the dispersive tail which is formed behind the smaller wave after the interaction. 
Results also show that the interaction of nearly-equal RLW solitary waves is akin to an exchange 
of roles. In Section 4 a comment is given on the accuracy of the pseudospectral method, and the 
point is made that in problems involving dispersive waves high overall accuracy can only be 
achieved if care is taken to reduce time-step errors. Indeed, the objective of this paper is to 
emphasise the usefulness of pseudospectral methods in suitable situations where high accuracy is 
required, and to point out that the usefulness is diminished unless care is taken to limit time 
discretisation errors. A case is made for high-order time discretisation conjoined with pseudo- 
spectral spatial discretisation. Comment is also made on nonlinear instabilities: it is shown, inter 
alia, that methods which satisfy linear stability conditions and semi-discrete conservation 
conditions are still liable to error over long periods of time. Conclusions and general comments 
are contained in Section 5. 
2. Differential equation and pseudospectral scheme 
2.1. The RL W equation 
We consider the RLW equation 
U, + UU, - 6U,.& = 0, (2.1) 
in which 6 is a “small” positive constant. It is readily shown that on the infinite spatial interval 
(2.1) has the exact solution 
U(X, t)=3c sech2[k(x-ct-d)], (2 -2) 
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where k = l/(26). With c and d specified this represents a solitary wave of amplitude 3c 
initially located at x = d and moving with velocity c. The initial state for the interaction of two 
solitary waves is given by the superposition of two profiles like (2.2) with the crests well-sep- 
arated at t = 0. In numerical calculations involving (2.1) we assume that wave interactions take 
place in the interval a < x < b, with a and b chosen such that u and its spatial derivatives are 
zero at x < a and x > b. Fourier approximation methods are being used and it is convenient, 
therefore, to consider solutions of (2.1) which are periodic in x with period b - a. A more 
suitable variable is X = 27r(x - a)/( b - a), and transformation to X gives a 2T-periodic 
function u( X, t) which satisfies 
U, + suux - ss*u,, = 0, (X, t) E R x [O, Tl, (2.3) 
with s denoting ~IT/( b - a). 
Olver [20] has established that the RLW equation has only three independent conservation 
conditions and, for equation (2.3), these may be written as 
c, = 
J 
*“u(X, t) dX, (2.4a) 
0 
c* =~*7b(x, a* + Ss*[u,( X, t)]‘) dX, 
C,=/*“[u(X, t)]‘dX. 
0 
(2.4b) 
(2.4~) 
Here C,, C, and C’, are constants which are independent of time. The integrals may be 
approximated using trapezoidal summations of the computed solution, and the variations of the 
approximations with time may be used to monitor the accuracy of the solution. Conservation 
properties of the semi-discrete equations are discussed in Section 2.3. 
2.2. Pseudospectral scheme 
To solve (2.3) by a pseudospectral method the interval [0, 271 is discretised by N + 1 
equidistant points with spacing AX= 27r/N, and u( *, t) is approximated by V( ., t) E R, which 
has the value V( X,, t) at X = X, =j AX, j = 0, 1,. . . , N - 1. The vector I’( ., t) is transformed 
to discrete Fourier space by 
fi(P, t) = (J-q7 t))(p) = 6 z: V( X,, t) e-2nijp/N, (2.5) 
p= -M, -M+l,..., M - 1, where N is even and M = i N. The inversion formula for (2.5) is 
V(x,, t) = (F-q., t))(x,) = -& If1 p( p, t) e*niip/N, (2.6) 
p--M 
j=O, 1 ,..., N- 1. 
The transformations in (2.5) and (2.6) can be performed efficiently by means of the FFT 
algorithm. Derivatives with respect to X may also be approximated efficiently: for example the 
q th derivative at ( Xj, t ) is given by 
(F-‘2( ., t))( X,), where .?( p, t) = (ip)“P( p, t). 
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The pseudospectral scheme proposed here is modelled on the semi-implicit scheme which 
Chan and Kerkhoven [8] suggested for the KdV equation. Their scheme was identified in [19] as 
the best available pseudospectral scheme for the KdV equation. Equation (2.3) is first modified 
in the now familiar manner to 
u,+s(l -t+u,+ $se(u2)x-8S2ux~~=o, 
where 13 is a real parameter which satisfies 0 G 0 G 1. We shall see later that 8 
such that the semi-discrete equations satisfy the conservation condition (2.4b). 
Integration of (2.7) with respect to time is performed in discrete Fourier 
essential semi-discrete equations in the Fourier coefficients are 
(2.7) 
may be chosen 
space, and the 
forp= -M, -M+l,..., M-l.Here 
@I< PY 4 = vlJYxK~ ON PI, %( P, t> = (FYx? t>>< P)? 
where the subscript X denotes a pseudospectral derivative and the dot denotes differentiation 
with respect to t. The nonlinear ordinary differential equations are discretised in t using the 
midpoint (leap-frog) rule to give the fully-discrete system 
ti(p, t+At) = ?(p, t-At) - (2.9) 
forp= -M, -M+l,..., M - 1, and the first step in time is effected using the Euler method. 
Note that, for convenience, the same notation is used to denote solutions of the semi-discrete and 
fully-discrete systems. The order of accuracy in space is effectively infinite [7,11,13], and the 
main source of error is the time discretisation. 
The implementation of (2.9) is conveniently described in algorithmic form. 
Algorithm Given V(X,, t), f(p, t), ?(p, t-At) for j=O,l,..., N-l and p= -M, -M+ 
1 ,..., M- 1. 
(1) 2( p, t) := ipf( p, t), for all p. 
(2) V,( Xi, t) := (F-‘2( 0, t))( X,), for all j. 
(3) yi< X,, t) := V( Xi, t) X Vx(Xj, t!, for all j. 
(4) T(P, t):=(Fyl(*, t))(p) and Q(p, t):=(FV*(., t))(p), for all p. 
(5) “y;( P, t) := ipQ(p, t), for all p. 
(6) V( p, t + At) := right-hand side of (2.9), for all p. 
(7) V(Xj, t+At):=(P-‘I?., t+At))(X,), for all j. 
The algorithm shows that for 0 < 8 < 1, 8 = 1 or 8 = 0 the number of FFTs per time step is 4, 
2 or 3, respectively. 
Linear stability 
If (2.3) is replaced by the linear, constant coefficient equation 
u, + spu, - 6s2u, = 0, (2.10) 
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the analogue of (2.9) is 
P( p, t + At) = P( p, t - At) - 2i At w( p)f(p, t), (2.11) 
where w(p) = spp/(l + 6s2p2). This equation has the characteristic polynomial equation 
.Z* -2i Atw(p)z-l=O, (2.12) 
and an examination of the roots of (2.12) shows that a necessary and sufficient condition for the 
linear stability of (2.11) is 
W4P) I (1. (2.13) 
If /3 is assumed to be positive, it is readily shown that 
At+ (2.14) 
is a sufficient condition for linear stability, with the attractive property that the limit on At is 
independent of N. Quarteroni [22] analysed time discretisations of Gale&in approximations to 
(2.1) and he has shown, inter alia, that linear time stability limits may be obtained which are 
independent of N. 
2.3. Conservation conditions 
The subsequent analysis is largely carried out in terms of approximations to physical variables. 
In particular, we refer to V( X, t), the trigonometric polynomial of degree M which has the value 
I’( X,, t) or I$, say, at X= Xi. The condition 
N-l 
mqo, t) = c v(y, tj (2.15) 
j=O 
from transformation (2.5) shows that the time derivative of the trapezoidal approximation to the 
conservation property (2.4a) is given by 
where the superposed dot denotes differentiation with respect to t. 
It is readily shown that the right-hand side of (2.8) is zero at p = 0 and it follows that the 
semi-discrete equations satisfy the “mass” conservation condition 
(2.16) 
for any value of 8. A similar consideration using (2.15) in (2.9) and in the Euler first step shows 
that the fully-discrete equations satisfy the conservation condition 
N-l N--l 
x0 VP-p n A4 = constant = C V( Xj, 0)) (2.17) 
j=o 
for n=l,2,... . 
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Mass conservation is really only useful if the computed function does not change sign in the 
interval [0, 2711. A more significant condition is the “energy” constraint (2.4b), and this we now 
consider. 
The approximation to the “energy” integrand in (2.4b) at (X,, t) is 
f$i( x,, t) = I+( x,, t) + &*I$( x,, t). (2.18) 
In [14] is shown that energy conservation for Fourier approximation of the RLW equation 
demands that 8 be set to *. If this value of 19 is used in the collocation equation arising from 
(2.7) we see that 
6$(x,, t) = { -+s[v*v,+ v(P),] +2ss*[vvxxx+ VXtiX])(Xj, t). (2.19) 
If pseudospectral derivatives are evaluated as described in Section 2.2 the term in (2.19) which is 
multiplied by 2&s* becomes 
[ VI$, + V,VJ (x,, t) = ; c Cz(j-k)p 
i 
-p*qtik - c &q&l/z(J-‘)q . (2.20) 
P k 4 1 11 
Here and below, summations over p and q have limits -M and M - 1 and summations over k, 
1 and j have limits 0 and N - 1: the quantity z denotes exp(2ai/N). If (2.20) is summed over j 
and if this summation is evaluated for that part of (2.20) which does not involve I$ it is readily 
shown that the complete summation is zero. The contribution to E$i&i( Xj, t) arising from 
(2.20) is therefore zero. 
The term in (2.19) which is multiplied by - 3.~ is 
(2.21) 
and in the p summation the term arising from p = -M is omitted in accordance with the 
practice adopted in forming odd-ordered pseudospectral derivatives of real functions. This 
omission ensures that the result is real. Summation of (2.21) over j yields 
where ak, = 2Cr:i’p sin(2Tp(k -j)/N). It follows from the skew-symmetry of akj that this is 
identically zero and from (2.18) and (2.19) we thence obtain the semi-discretised energy 
conservation condition 
g y[v”(xj, t)+6s*v;(xj, t)] =o. 
i j=O I (2.22) 
It may be shown that (2.22) holds only if 8 = 3. The result (2.22) assumes that the vector V( 0, t) 
is an exact solution of the semi-discrete equations: the computed solution will contain time 
discretisation errors which could lead to a growth in the energy. We may say that the 
pseudospectral solution satisfies the discrete energy conservation condition in the limit as 
At -+ 0. 
It may be shown that the semi-discrete equations satisfy a discrete form of the third 
conservation condition (2.4~) only if 13 = 1. However, this condition is less significant than the 
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energy condition since, like (2.4a), the integrand may change sign in the interval [0, 2711. The 
analysis in this section suggests, therefore, that the parameter value 8 = f is likely to be best for 
the maintenance of bounded solutions over long time intervals. An accuracy bonus should result 
from the choice 8 = 3 (in situations where time discretisation errors are negligible), but there will 
be an associated increase in computational cost. 
3. Wave interactions: numerical results 
Numerical experiments were performed in which the pseudospectral scheme with 8 = f was 
used to examine the interaction of two solitary waves with initial state given by superposition of 
two profiles like (2.2). Results are presented to show how a wave of amplitude 9 units overtakes 
and passes through a wave of amplitude 0.9 units. The parameter 6 in equation (2.1) was set 
equal to 0.01 in all numerical calculations which are presented. The width of a single solitary 
wave varies as 6’12, and with S = 0.01 the amplitude falls to lo-* of the crest value over a 
distance of less than 2 units (measured in terms of x). This choice of 6 produces steep solitary 
waves and therefore a severe test of the numerical method. Calculations were performed using a 
grid size of order 0.03 in the variable x, and At was set below the linear stability limit at a level 
which effectively eliminated time discretisation errors. 
Figure 1 shows the interaction of the large and small solitary waves located initially at x = - 2 
and x = 2, respectively. The crests of the waves have been truncated at heights 0.01 or 0.02 to 
permit sufficient vertical magnification to show the details of the interaction, and the interaction 
is shown at various values of t up to t = 30. The graphs show that as the interaction begins a 
small pulse is formed behind the larger wave. This is clearly seen in Figs. l(a)-l(c) where the 
wave crests are truncated at height 0.01. The pulse, which has amplitude of order 0.001 for the 
prescribed data set, maintains a constant location as the interaction proceeds. Figure l(c) shows 
the initial stages of the formation of a more substantial tail which appears behind the smaller 
wave after the interaction appears to be completed. This tail develops into the double peak 
shown in Fig. l(f) and the maximum negative value is -0.014. The location of the tail is 
effectively time-independent for this differential model. As noted in [4] the waves suffer a phase 
change during the interaction: at t = 3.4, for example, the crest of the larger wave has been 
advanced by 0.05 and that of the smaller wave has been retarded by 0.15 as a result of the 
interaction. Furthermore, at this instant the amplitude of the larger wave has been increased by 
0.001 and that of the smaller wave has been decreased by 0.005. The changes in amplitude and 
location, which were obtained using fourth-order polynomial interpolation on the computed 
results, agree qualitatively with those obtained in [4]. 
Figure 2 shows the tail formed behind the interaction of solitary waves of amplitudes 6 and 1.5 
for the model 
u, + U, + 2UU, - &.& = 0. (3.1) 
In this case solitary waves of the form 
U(X, t)=3csech2[k(x-St-d)], (3.2) 
y = 1 + 2c, k = Jc/263, 8 = 0.01, were initially located at x = - 2 and x = 2. Here the small 
amplitude tail has a nonzero velocity arising from the term U, in (3.1). Also, in this model the 
number of oscillations increases with time, suggesting a dispersive nature [4]. 
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Fig. 1. Solitary wave solutions of (2.1) with 6 = 0.01. Wave of amplitude 9 initially at x = -2 overtakes a wave of 
amplitude 0.9 initially at x = 2. (a)-(f) show truncated solitary waves at t = 0.7, 1.4, 3.4, 6.0, 12.0 and 30.0, 
respectively. 
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Fig. 1 (continued). 
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Fig. 2. Solitary wave solutions of (3.1) with S = 0.01. Wa:e of amplitude 6 initially at x = -2 overtakes a wave of 
amplitude 1.5 initially at x = 2. (a)-(c) show profiles behind smaller wave at t = 8, 9 and 10, respectively. 
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Fig. 3. Nearly-equal solitary wave solutions of (2.1) with 6 = 0.01. Waves of amplitudes 1.8 and 1.5 initially at x = - 2 
and x = 2, respectively. (a)-(f) show interaction at t = 31, 34, 36, 38,40 and 45, respectively. 
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Fig. 3 (continued). 
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Lax [16] showed that for the KdV equation the character of the interaction between any pair 
of solitons changes as the ratio of their speeds changes. If the ratio is sufficiently close to unity, 
the KdV solitons approach each other and then exchange roles. The solution profile shows two 
maxima throughout the interaction. Fornberg and Whitham [12] have shown this clearly in their 
pseudospectral numerical solutions. Recently, Leveque [17] produced an asymptotic solution for 
the interaction of two nearly-equal KdV solitons. 
Figure 3 shows computed results for the interaction of two nearly-equal RLW solitary waves. 
The initill state is the superposition of solitary wave solutions of (2.1) with amplitudes 1.8 and 
1.5 located at x = - 2 and x = 2, respectively, and the graphs show the interaction at several 
values of t between t = 31 and t = 45. The results show that the interaction is similar in nature to 
the interaction of two nearly-equal KdV solitons. 
The results discussed in this section have shown that the pseudospectral scheme presented in 
Section 2 is capable of reproducing the fine structure of RLW solitary wave interactions. The 
method gives high spatial accuracy at values of N which are much lower than those required to 
give comparable accuracy with finite-difference methods. For example, experiments on single 
solitary wave solutions of (2.1) indicated that the accuracy obtained with N = 64 is comparable 
to that obtained with N = 340 in a second-order central difference scheme. In the experiments At 
was reduced to a level at which the time discretisation errors became insignificant. 
The interesting fact emerging from all numerical calculations discussed in this section is that 
high accuracy can only be obtained in difficult wave interaction problems if the time-step is 
reduced well below the linear stability limit. Indeed, the experiments have suggested very 
strongly that the pseudospectral spatial discretisation should be conjoined with a time discretisa- 
tion method which is much more accurate than the midpoint rule. The inaccuracies associated 
with the midpoint rule discretisation are considered briefly in the following section. 
4. Inaccuracies from time discretisation 
4.1. Spurious modes in linear model 
The 2+periodic solution of the linear equation (2.10) which satisfies the initial condition 
u( X, 0) = F(X), 0 G X < 2a, may be written as 
u(xy t)= Jzl;; p=_oc_ f, g(p) ei(Px-4PP), 
where 
W(P) = 
SPP 
1+ th*p* 
and f(p) = &j’“F(X) eeiPXdX. 
0 
(4.1) 
The phase velocity is 
W(P) c(p) = p = SP 
1 + ss*p* * (4.2) 
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To construct the approximate solution of (2.10) given by the pseudospectral scheme we first 
note that the general solution of the Fourier transformed equation (2.11) is 
I?( p, n At) = A, e-‘%(P)” At + (_ 1)“~~ ei%(P)” At, (4.3) 
where A, and B, are constants and w,,( p) is given by the discrete, linear, dispersion relation 
sin(w,(p) At) =w(p) At. (4.4) 
The first term in (4.3) represents a wave moving with phase velocity wh( p)/p - a simulation of 
the corresponding wave in the differential problem - and the second term is a spurious wave 
which moves with the same speed in the opposite direction. This spurious wave, which arises 
from the 2-step nature of the time discretisation, should_not contribute to the pseudospectral 
solution if high accuracy has to be achieved. Noting that V( p, At) is given by a Euler step, it is 
readily shown that the pseudospectral solution of (2.10) is 
V( x,, n At) = ei[PX,-ah(P)n AtI 
M-l 
+ (- 1)” c p( p)[l - sec( oh At)] ei[p~+w~(p)n “I 
p= -M 
(4.5) 
where 
P(p) = -J& z:F( X,) eCiPT. 
Under the linear stability constraint (2.13) with j? > 0, the solution wh( p) of (4.4) is real and 
0 < wh( p) At < &. For small w(p) At we have 
(4.6) 
from which it follows that if w(p) At -=K 1 (long waves or very small At), the phase velocity of 
the proper wave in the difference solution is close to that in the differential solution. Note that 
the error in a,,( p) as an approximation to w ( p) depends on At, but not on N. This reflects the 
accurate spatial discretisation properties of the pseudospectral method. In the case of second-order 
central differences, for example, the analogue of the dispersion relation (4.4) is 
sin(Q,(p) At) =fi(p) At= 
spj? At sin(2Tp/N)/(2np/N) 
1 + Ss2p2 sin2( -rip/N)))) Tp/N)2 ’ 
Here the phase error will depend on N as well as on At. 
Necessary conditions for high accuracy with the pseudospectral method may be given as 
6) l~(P)l-o forp>p,, with po<M, 
(ii) Ifi(p)(l-sec(w,(p) At))1 -0 forO<p<p,. 
(4.7) 
Condition (i) ensures that M is sufficiently large to contain the band-width of the initial function 
F, and (ii) ensures that, within the significant energy band, the coefficients of spurious modes in 
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Fig. 4. Accuracy of (4.5) for profile (2.2) on [ -4,4], with c =‘3, t = 0 and d = 0. (a) shows left-hand side of (4.7)(i) 
against p with N = 80; (b)-(d) show left-hand side of (4.7)($ against p with N = 80 and S = 0.01. At is 0.95, 0.5 and 
0.05 of maximum value in (b)-(d), respectively. 
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Fig. 4 (continued). 
(4.5) are negligible. Again, condition (ii) is likely to be easily 
small At, since 
1 -sec(w,(p) At) = -:w’(p) At*+O(w(p) At)” 
in this limit. 
satisfied for long waves or very 
Figure 4 shows the significance of (4.7) when $ is obtained by transforming the single soliton 
profile (2.2) with c = 3, t = 0 and d = 0. Computations were performed with N = 80. The 
variation of 1 F(p) 1 with p in Fig. 4(a) suggests that M is sufficiently large to meet condition 
(4.7)(i). Figures 4(b)-4(c) show the variation of 1 F( p)(l - sec( wh( p) At)) ] with p at several 
values of At below the linear stability limit. The figures show that (4.7)(ii) is satisfied for p close 
to zero, or close to the cut-off value p,,. However, at intermediate values of p it is essential to 
have At significantly below the stability limit to remove the spurious contribution. 
Figure 5 shows the possible effects of spurious modes on the pseudospectral solution of the 
nonlinear equation (2.1). The equation was solved in the region - 5 G x < 5 with 6 = 0.01, and 
initial profile from (2.2) with c = 0.3 and d = - 1.2. High spatial accuracy was achieved with 8 = $ 
and N = 512, and the only errors in the computed results are attributable to time discretisation. 
Figures 5(a) and 5(b) show the computed solutions at t = 8 with At determined by multiplying 
the linear stability limit by 0.9 and 0.09, respectively. The spurious contribution is clearly seen in 
Fig. 5(a). 
The analysis in this section, albeit linear, and the numerical results confirm the observations 
made at the end of Section 3. For high accuracy with the low-order midpoint rule it is necessary 
to use extremely small time steps. Pseudospectral practitioners who require highly-accurate 
results should use higher-order time integrators. 
4.2. Nonlinear instabilities 
Here we make comments on the effect of the nonlinearity in the RLW equation on the growth 
of the numerical solution as time evolves. It is convenient to consider equation (2.3) with the 
parameter s conveniently set to unity. To simplify the presentation, the dependence of Fourier 
coefficients on t is suppressed and Q( p, t) is denoted by f(p). It can be shown that the 
semi-discrete equations (2.8) may be written as 
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Fig. 5. Solitary wave solution of (2.1) with S = 0.01 computed with N = 512. Wave of amplitude 0.9 initially at 
x = - 1.2. Profiles shown at t = 8, with At set to 0.9 and 0.09 of maximum value in (a) and (b), respectively. Spurious 
modes seen in (a). 
and 
4(o) = 0, 
(1+6kP)8(-M) + (1-O) 
M-l 
7 F iq[C(q)ti(M--q) - fi(-q)J+M+q)] =O, 
4-l 
0 + Q2)b) 
+ Cl-@ c 
m i 
M-l P-M 
k&m-4)+ c k7%?P(P-4-W 
q=l+p-M q=l-M i 
e 
i 
M-l P-M 
c 
+ 2@ q=l+p-,,, 
ipf(q)f(p-q)+ C iPf(q)P(P-q-N) 
q= -M 
(4.8) 
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Fig. 6. Solution of (2.1) on [0,2a] with 6 = 0.01 and initial condition from (4.11) with B = 1 and A(0) = 0.8(1+ i). 
Computed with N = 120 and At set to 0.2 of maximum value. (a)-(c) show development of nonlinear instability at 
time-steps 320, 330 and 340, respectively. 
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for p = 1, 2,. . . , M - 1. This completely describes the semi-discrete system since p( -p) is the 
complex conjugate of V(p) for p = 1, 2,. . . , A4 - 1. In the equation for V(p) the second 
summations in the braces are convolution sums arising from the aliasing effect. Note that the 
equation for p(O) is equivalent to the mass conservation condition (2.16). 
Fornberg [lo] and Vadillo and Sanz-Serna [24] have studied a leap-frog finite-difference 
discretisation of the advection equation and their work demonstrated, inter alia, that periodic 
solutions of wavelength 3 AX have the fastest growth rate among all solutions of the nonlinear 
scheme. Since the nonlinearity in the advection equation is similar to that in the RLW equation, 
we take account of the work by these authors and examine analogous solutions of the nonlinear 
scheme (4.8). If N is a multiple of 6, the scheme possesses a solution in which all Fourier 
coefficients are zero except p(O) and @(fN). If we write 
c(O) = mB = constant, P(fN) = fiA(t), 
we find that this yields a solution of (4.8) provided that 
(4.9) 
(1 + $snir2)k(t) + fiNBA(t) + iiN(38- 2)A*2(t) = 0, (4.10) 
where * denotes complex conjugation. Equation (4.10) provides a solution for V( X,, t), j = 
0, 1,. . . , N - 1, of the form 
V(X,, t) =B+-A(t) exp($iNX,) +,4*(t) exp(-fiNX,). (4.11) 
If in (4.10) we write P = N/(6(1 + $Slv’)}, Q = P(2 - 38), L = 2PB and A(t) = c(t) + in(t), 
the system becomes 
i = Lq + 2Qh, += -L,$+Q(E2-v2). (4.12) 
This system was derived by Sloan and Mitchell [23] in their study of nonlinear instabilities in 
leap-frog discretisations of the advection equation. They have shown that the solution remains 
bounded if (t(O), q(O)) . 1s within a “stability triangle” on the (E, n)-plane defined by the points 
(L/Q, 0) and (- L/(2Q), &- fiL/(2Q)). This nonlinear stability condition applies to the 
semi-discrete system in which time integration is exact: the condition applies to the fully-discrete 
system in the limit as At --, 0, but in a real computation time discretisation errors eventually lead 
to nonlinear instabilities. 
Figure 6 shows the pseudospectral solution of (2.3) with 6 = 0.01 and with initial condition 
from (4.11). The solution was obtained with 8 = 1 and N = 120, and with At set to one fifth of 
the linear stability limit. In the computations B = 1 and E(0) = ~(0) = 0.8, giving an initial point 
(t(O), q(O)) within the stability triangle. Figures 6(a)-6(c) show the solution profile at time steps 
320, 330 and 340, respectively. At step 320 the solution envelope displays the initial stages of a 
modulation: this has developed by step 330 and the profile at step 340 shows the situation 
immediately before blow-up. 
One should note that the coefficient Q in (4.12) is zero when 6’ = $ and at this value the 
stability triangle covers the whole (E, n)-plane. The value B = 3 is optimal in terms of stability 
for the particular solution given by (4.11). Even with this optimal value, however, solutions 
remain bounded only if time discretisation errors are zero. Integrations with 0 = f eventually 
suffer blow-up. 
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5. Conclusions and comments 
The pseudospectral method provides a highly-accurate and convenient mechanism for resolv- 
ing the spatial details of RLW wave interactions. The method could readily be applied to other 
nonlinear dispersive wave problems. Calculations on solitary wave interactions produce very 
accurate solutions. However, it is found that the high accuracy in space can only be matched in 
time if the time-step is much smaller than the linear stability limit. One obvious conclusion to be 
drawn from the numerical experiments is that pseudospectral spatial discretisation should be 
combined with time discretisation which is more accurate than the popular leap-frog method. 
This conclusion is reinforced by the brief examination of nonlinear instabilities. In situations 
where the semi-discrete scheme is nonlinearly stable, integration by leap-frog - even with a 
time-step well below the linear stability limit - can introduce errors which lead to blow-up in a 
small number of time steps. 
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